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Permeation properties of three-dimensional self-affine reconstructions of porous materials

E. S. Kikkinides* and V. N. Burganos†

Institute of Chemical Engineering and High Temperature Chemical Processes, Foundation for Research and Technology, He
P.O. Box 1414, GR 265 00, Patras, Greece

~Received 9 March 2000!

A binary medium generation method is presented, which is capable of producing three-dimensional recon-
structions of porous solids. The method is based on the midpoint displacement and successive random addition
technique, which is, essentially, a graphical reproduction technique for the generation of self-affine media that
follow fractional Brownian motion~FBM! statistics. Thresholding of the site values at the desired porosity
value leads to three-dimensional porous constructions, the correlation degree of which is defined by the
preselected value of the Hurst exponent. The correlation length of such single-cell media is comparable to the
size of the working cell and, therefore, this approach would be of local use only. To remedy this problem, a
method for producing multicell FBM media is presented, which is capable of generating media with size
considerably larger than the correlation length and, as such, they can be employed to simulate a variety of
actual porous solids. The percolation properties of these reconstructions are investigated and the specific
surface area is calculated as a function of the porosity, the number of interwoven cells, and the Hurst exponent
value. Furthermore, the flow equations are solved numerically within the void space of the three-dimensional
FBM media and the effects of structure porosity and correlation degree on the permeability are studied.
Application of the methodology to a sandstone sample as a case study showed a very good agreement of the
numerical predictions for the permeability with actual permeability measurements and with the permeability
estimate using a serial sectioning technique.

PACS number~s!: 81.05.Rm, 47.55.Mh, 47.53.1n, 05.40.2a
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I. INTRODUCTION

It has been recently realized that many natural por
media and aquifers exhibit long-range correlations@1#, which
are responsible for their unusual transport and percola
characteristics compared to those of disordered media
short-range correlations, or even of random media@2–3#. A
special class of long-range correlations is the one that
lows the statistics of fractional Brownian motion~FBM! @4#.
This property appears to characterize a number of nat
systems@5#, and relates to the structural and transport pr
erties of heterogeneous porous media~see, for example
@1–5# and the references cited therein!.

In a recent publication@6#, the authors presented a meth
for the reconstruction of porous media by generating tw
dimensional lattices that follow FBM statistics. A modific
tion of the conventional midpoint displacement and succ
sive random addition method was employed in that work
order to generate multicell, interwoven binary media w
sizes that are considerably larger than the correlation len
of the medium. It was found that multicell FBM porous m
dia possess very interesting structural properties that
functions of the Hurst exponent, a parameter characteriz
the FBM stochastic process@4#, and the porosity of the me
dium, only. In addition, they exhibit stronger structural co
relation, lower specific surface area, higher percolat
threshold, and lower permeabilities than those of the co
sponding traditional single-cell FBM media. It was foun
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that the construction of interwoven FBM binary lattices c
lead to a robust representation of porous media, with
proved behavior of their structural properties compared
that encountered in traditional, single-cell FBM lattices.

The applicability of the method to generate images t
resemble real porous media was already demonstrated in@6#.
Raw experimental data, namely, the porosity and autoco
lation function, can be used to adjust the reconstructed
ages to samples of the real solids under investigation. M
specifically, microphotographing of thin sections of the m
terial followed by image processing can yield informatio
about the porosity and autocorrelation function, the statist
adequacy of which depends mainly on the homogeneity
isotropy of the material. Subsequently, FBM media can
generated that match these two structural properties, tho
in two dimensions, assuming invariance along the third o
The range of structural and flow properties of such poro
reconstructions can be very broad, so that different classe
porous media can be efficiently simulated using this meth
In addition, the method is relatively simple to use and offe
an alternative to other stochastic reconstruction approac
~see, for instance,@7#, and references therein!, which can
prove tedious for routine applications.

In the present paper, the limitation of the method to tw
dimensions is removed. We describe the generation of th
dimensional porous structures using a midpoint displacem
method, suitably adjusted to apply to cubic lattices. The
sulting media follow FBM statistics and, as in the conve
tional two-dimensional single-cell case, the correlati
length is comparable to their overall size for finite correlati
degree. In order to overcome this problem, we have modi
the construction procedure so that multiple cells can be g
erated that share the same structural properties but are p

In-
6906 ©2000 The American Physical Society



s
t a
tio
in

. I
M
t

o
an
sp
b

Th
n

on
b
el
th
g
he
re
e
s

pa
se
ns
y
s
i

in
h
e

ap
e
g

w
er

re
n
i-
th
io
iel

el

tion

as-
ners

lues
by

cor-

side
id-

ued
es
lu-

age,
rom
add-

tup
ell
lls

PRE 62 6907PERMEATION PROPERTIES OF THREE-DIMENSIONAL . . .
erly interwoven so that continuity across their boundarie
ensured. The size of the three-dimensional structures tha
generated in this manner is much larger than the correla
length and, consequently, average properties can be obta
that are independent of the size of the working sample
addition, these multicell media are shown to follow FB
statistics and to share the same Hurst exponent value as
used for the construction of the basic cells. Percolation pr
erties are determined for various working sample sizes
the effect of the interweaving process is discussed. The
cific surface area is also calculated and a comparison
tween the single-cell and the multicell cases is made.
absolute permeability is subsequently calculated as a fu
tion of the correlation degree.

The methodology is applied to a Vosges sandst
sample, for which sufficient experimental data are availa
for the sake of comparison with the model results. Multic
FBM media are generated that match the porosity and
autocorrelation function determined experimentally throu
digitization of thin sections of the sample. It is found that t
permeability estimate compares well with the measu
value and the agreement improves as the number of c
used to generate the medium is increased. The specific
face area of the generated medium is also found to com
satisfactorily with the corresponding value obtained from
rial tomography. Given that for engineering applicatio
even an order-of-magnitude estimate of the permeabilit
considered a success, the convergence of our result
within a few percent from the available experimental value
very encouraging, especially since a minimal amount of
formation is needed for the reconstruction procedure. T
agreement between our theoretical predictions and the
perimental values justifies a further investigation of the
plicability of the method to other reservoir rocks and oth
types of porous media that are known to exhibit long-ran
correlation@1–3#.

II. GENERATION OF A BINARY MEDIUM FOLLOWING
FBM STATISTICS

Following Mandelbrot and van Ness@4#, one defines frac-
tional Brownian motionBH(x) as a process that satisfies

^BH~x!2BH~x0!&50, ~1a!

^@BH~x!2BH~x0!#2&;ux2x0u2H, ~1b!

whereH is the Hurst exponent. ForH5 1
2 , one recovers the

classical Brownian motion. ForH.0, FBM entails spatially
growing correlations, whereas for strongly negativeH values
the medium becomes, practically, random. Excellent revie
regarding the properties of FBM can be found elsewh
@8–10#.

Several variants of FBM have appeared in the literatu
In a previous study@6#, we described in detail how one ca
generate single-cell and multicell FBM lattices in two d
mensions using the midpoint displacement method. In
present study, the method is extended to three dimens
and combined with successive random additions to y
three-dimensional self-affine media. Figure 1~top! shows the
first few stages involved in the construction of single-c
FBM lattices. Initially, one assigns random numbers from
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Gaussian distribution with average 0 and standard devia
1 at the eight corners of the starting three-dimensional~3D!
cube~stage 1!. Subsequently, the center of each cube is
signed the average of the values of the eight cube cor
increased by an additional Gaussian deviate~stage 2!. Next,
the centers of the six faces of the cube are assigned va
that are averages of the face corners, also increased
Gaussian deviates~stage 3!. Then, the midpoints of the 12
edges of the cube are decorated as the averages of the
responding endpoints increased by Gaussian deviates~stage
4!. Thus, we have generated eight new smaller cubes in
the original cube and decorated the new sites using the m
point displacement method. The above procedure, contin
with the decoration of the centers of the eight new cub
~stage 5!, is repeated several times until the desired reso
tion is achieved. The general rule is that at each new st
the newly defined sites are assigned values that result f
averaging the values of the closest neighboring sites and
ing random deviates~midpoint displacement! with variance
satisfying

sn11
2 5r 2Hsn

2. ~2!

FIG. 1. Midpoint displacement in three dimensions. Top: star
cube in the single-cell case. Bottom: interweaving in the multic
case~averaging in polygon-shaped sites extends into adjacent ce!.
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In contrast to the two-dimensional case, the value ofr that
scales the resolution at each stage of the process is not
stant, but changes with the type of site to be decorated. M
specifically, r 5)/2 when decorating the body center,r
51/& when decorating the face centers, andr 51/& also
when decorating the edge points in each cube, in this
quence.

The older sites can either retain their original values or
updated by a random addition of deviates with varian
sn11

2 ~successive random addition!. The above procedure
generates a 3D lattice with sites following FBM statisti
@2,5,6,8,9#. In order to transform it to a binary medium of
given porosity«, one simply sorts the site values in a on
dimensional array of ascending order and assigns zero va
to the lower part of the array with length (12«)NxNyNz and
the value of one to the rest, whereNx , Ny , andNz are the
number of lattice points in thex, y and z direction, respec-
tively. Note that throughout this study, unless otherwise
dicated, it is assumed thatNx5Ny5Nz5N.

From a statistical point of view, such media cannot
used as valid representations of a real porous medium s
they contain only a limited number of pores in each reali
tion @6#. To remedy this, one can resort to interwoven m
ticell, 3D FBM lattices. This is accomplished in the prese
study following a procedure similar to the one introduc
recently by the authors in the two-dimensional case@6#: The
original lattice is divided into a number of smaller lattice
each of which is decorated according to the standard F
procedure outlined above using a fixed value ofH. However,
the lattice points on the boundaries between adjacent su
tices receive contribution from all immediately neighbori
cells during the averaging procedure. Figure 1~bottom!
shows two adjacent interwoven cells. Polygons are use
indicate boundary sites that are decorated using contribut
from the immediate neighbors, whereas circles indicate
ternal sites that are assigned averages of sites that belo
the same cell. An illustration of the results of this constru
tion technique for lattices with various numbers of individu
cells Np , while retaining the porosity and Hurst expone
values constant, is presented in Fig. 2. It is self-evident
the above modification can generate lattices with, practica
any degree of correlation desired, and sizes that are con
erably larger than the correlation length.

III. STRUCTURAL PROPERTIES
OF THREE-DIMENSIONAL FBM BINARY MEDIA

A. Correlation function

The correlation properties of reconstructed media are
critical importance for the assessment of their resemblanc
actual materials. In terms of continuous variables, such as
local conductivity and permeability, percolation properties
FBM media have been determined in one and two dim
sions by several authors using various definitions of corr
tion functions, semivariograms, etc.@1,10–12#. The main
difference with the present line of work is that the FB
process is applied here to the structure itself and not to s
transport property. Recently, the authors determined the t
point correlation function for 2D binary media that follo
FBM statistics@6#. In the present work, the correlation fun
on-
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tion of 3D FBM media is calculated as the average of all
sections normal to a given direction, say thez axis.

Consider an actual 2D section of a porous medium. Us
standard techniques@7,13#, this section can be mapped on
2D matrix of binary pixels, which take the values of 0 and
in the solid and pore phases, respectively. Accordingly,
phase function of the medium is defined as follows:

Z~x!5H 1 if x belongs to the pore space

0 otherwise
, ~3!

wherex is the position vector from an arbitrary origin. Th
porosity« and the normalized two-point correlation functio
Rz(u), can be defined by the statistical averages@7,13#

«5^Z~x!& ~4a!

Rz~u!5
^@Z~x!2«#@Z~x1u!2«#&

«2«2 . ~4b!

Note that^ & indicates spatial average. For an isotropic m
dium, Rz(u) becomes a function ofu5uuu only @7#. A rep-
resentative reconstruction of a medium in three dimensi
should have the same correlation properties as those m
sured on a single two-dimensional section, expressed by
various moments of the phase function.

FIG. 2. 2D sections normal to thez axis of the 3D FBM lattice
~H50.7, «50.2, black: solid phase!. Variation with the number of
cells Np , keeping the random number generator seed and the
of the unit cells constant (N58).
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It is interesting to examine the variation of the correlati
function with the number of cells in the multicell FBM la
tice, shown in Fig. 3 forH50.7 and«50.5. The distance is
expressed as the number of pixels, for easier scaling.
same definition is used for the distance throughout this
per, unless otherwise noted. Figure 3 reveals that the co
lation curve is affected rather weakly by the number of ce
and for Np.6, it remains practically unchanged. This is
quite useful property of multicell media, implying that th
correlation properties are independent of the size of
working sample. It is also interesting to investigate possi
anisotropy effects in the 3D multicell FBM media. To th
end, the correlation functions in each principal directi
were calculated by averaging all 2D sections along each
rection. As shown in Fig. 4~a!, all three curves forNp58
almost coincide, thus verifying isotropy in the structur
properties of the multicell FBM 3D lattice.

It is interesting at this point to observe the effect of t
Hurst exponent on the morphology of the FBM structur
following thresholding of the generated deviates at the
rosity value. As illustrated in Fig. 5 («50.2), high values of

FIG. 3. Effect of the number of FBM cells (Np) on the autocor-
relation function, averaged over 10 realizations, keeping the siz
each individual cell constant (N58). H50.7, «50.5.

FIG. 4. Comparison of the average autocorrelation functi
taken over all 2D sections cut across each principal direction
3D FBM lattice withH50.7 and«50.5 (Np5N58).
he
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H (H. 1
2 ) lead to strongly correlated porous structure

whereas values ofH, 1
2 lead to less correlated structure

Sufficiently negative values ofH yield, practically, uncorre-
lated media. A quantification of this observation is given
Fig. 6, where the corresponding correlation functions
plotted against distance, expressed as the number of pi
for different values ofH. As H decreases, the degree of co
relation decreases too, in accord with the visual inspection
the corresponding images of Fig. 5. Furthermore, increas
the lattice size of each cellN, while keeping the rest of the
parameters constant, results in stronger correlation. H
ever, since the pixel size of the lattice is also decreased
the same factor, if the correlation function is plotted in term
of actual distance, that is, in length units and not in pix
number units, the resulting curve coincides with the one

of

s
a

FIG. 5. 2D sections normal to thez axis of 3D FBM lattices
~«50.2, black: solid phase!. Variation with the value of the Hurs
exponentH, keeping the random number generator seed cons
~Np516, N58!.

FIG. 6. Effect of the Hurst exponent value on the autocorre
tion function of multicell FBM media~Nr510, «50.2, Np516,
N58!.
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tained for the original lattice. This was also the case for
FBM media @6#. This result is illustrated in Fig. 7, in the
form of image morphology~a! and corresponding correlatio
function ~b!. Note that the abscissa in Fig. 7~b! is the dis-
tance between two points, rendered dimensionless using
pixel size in a given lattice size (N516) as reference
(uN/16). This choice was made to avoid automatic scal
with the change of the lattice size. It is confirmed that t
curve of the correlation function remains, practically u
changed when the lattice size of the FBM medium is alter

B. Surface area

The evaluation of the internal surface area of a por
medium is of primary significance in the modeling of flui
solid interaction phenomena, such as sorption, surface d
sion, chemical reaction, infiltration, etc. In the context of t
present paper, it is very interesting to investigate the effe

FIG. 7. Effect of the lattice size on the construction of sing
cell 3D FBM media, using the same random number generator
~«50.5, H50.7, Np51!. ~a! Morphology of generated images.~b!
Correlation function of generated media. The distance is rend
dimensionless using as reference the pixel size in theN516 case.
he

g
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of the construction algorithm and parameters on the spe
surface area of the generated media, and ensure that the
struction procedure provides the necessary flexibility
cover a broad range of specific surface area values, so th
can be applied to simulate actual porous materials.

In the limiting case of completely randomized binary m
dia, the specific surface area is given by

Sv,random5
6«~12«!

a
, ~5!

wherea is the size of the unit element, following a rigorou
proof by Burganos@14#. For correlated media, it is known
that the specific surface area can also be determined from
slope of the autocorrelation function,Rz(u), evaluated atu
50 @15#:

Sv526~«2«2!Rz8~0!. ~6!

The calculation of the internal surface area of discretiz
media can be implemented through identification and cou
ing of the solid/void interface segments, based on the id
tification code~0/1!. The results for single-cell FBM media
are shown in Fig. 8, plotted against the lattice size,N. For
sufficiently large lattices, linearity is obtained in log-lo
scale for all Hurst exponent values in the interval@0,1# ex-
amined here. That is,

Sv1

Sv2
5S a1

a2
D b21

, ~7!

whereb is the negative of the slope of the lines and is ch
acteristic of the correlation degree of the medium. In fact
practically coincides with the Hurst exponent valueH, which
verifies that the generated media follow FBM statistics:dF
532H is the fractal dimension of a zeroset of an FB
process in three dimensions andSv}a22dF, that is, Sva
}N2H.

Switching from single-cell to multicell media results i
increased correlation, as shown in Fig. 3. This implies tha
the number of patchesNp , increases, the specific surfac

-
ed

ed

FIG. 8. Dimensionless specific surface area vs lattice size,
single-cell FBM media.
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area should decrease. This is indeed the case, as seen i
9. It is also noteworthy that the specific surface area attai
limiting value for sufficiently largeNp values, which is char-
acteristic of the porosity and the Hurst exponent value. T
constitutes an advantage of multicell media compared
single-cell reconstructions, which suffer from the depe
dence of the dimensionless specific surface area on the o
all size of the medium. The surface area of multicell me
decreases upon increasing the value ofH ~or, equivalently,
upon intensifying the structure correlation!, as confirmed in
Fig. 9.

An additional property of the multicell media that a
constructed in the aforementioned manner is that they
follow FBM statistics, just as their unit cells. Figure 1
shows the dependence of the specific surface area of th
dimensional multicell media on the lattice size of the ba
cells for various values of the Hurst exponent. Note the
earity of the corresponding curves for low, intermediate, a

FIG. 9. Dependence of the dimensionless specific surface
on the number of patches in 3D, multicell FBM media. Variati
with the Hurst exponent valueH.

FIG. 10. Dimensionless specific surface area vs lattice siz
the basic cell, for multicell 3D media.
Fig.
a

is
to
-
er-
a

o

ee-
c
-
d

high H values, which implies the validity of Eq.~7! also for
multicell media. The slope of the lines is approximate
equal to the negative of the Hurst exponent, just as in
single-cell case. The only difference is that the compu
tional requirements for the multicell media are heavier th
in the single-cell case by a factor ofNp

3 and, consequently
detailed calculations at the limit of large unit cell sizes~N!
are prohibited by, mainly, computer memory limitation
Nevertheless, Fig. 9 indicates that the valueNp58 is suffi-
ciently high for convergence with respect to the number
cells and, consequently, it may be argued that the linearit
the curves in Fig. 10 is of general validity for multicell me
dia and with fractal dimension that satisfiesdF532H, just
as in the single-cell case. Thus, it is claimed that the thr
dimensional media generated here are indeed self-af
FBM structures.

C. Percolation properties

Early and recent studies have shown that binary me
with long-range correlations show completely different p
colation properties, in terms of percolation threshold and
scaling characteristics, from those of random or even sh
range systems@10,16–18#. A notable conclusion of detailed
percolation studies on 2D systems that follow FBM statist
@2,6,18# is that the percolation threshold,pc , of these media
is a random variable with a mean value^pc&, that decreases
with increasingH in a monotonic fashion. Moreover, th
construction of multicell 2D FBM lattices@6# leads to de-
creased statistical deviations of their percolation proper
but also favors clustering of large cavities, thus giving rise
increased percolation threshold values.

In the present study, mean percolation threshold and s
dard deviation values are determined for single-cell and m
ticell 3D lattices constructed by the midpoint displaceme
technique. Following the studies of the corresponding
media, in the present work we investigate the effects of
number of cells~or number of patches,Np!, and the value of
the Hurst exponentH, on the percolation threshold propertie
of 3D FBM media, using a large number of realizations f
each data set. The cluster labeling algorithm proposed
Hoshen and Copelman@19#, and described also by Stauffe
and Aharony@20#, is employed in the present study to dete
mine the percolation threshold.

The numerical results of this investigation are summ
rized in Table I. The values for the average percolat
threshold in 3D FBM lattices are considerably lower co
pared to the corresponding 2D cases, as expected. More
keeping the lattice size constant (N516), the average per
colation threshold decreases as the number of cells increa
until a constant value is attained for a sufficiently large nu
ber of cells (Np.8). Hence, in the case of 3D FBM lattice
the interweaving process tends to connect isolated clus
that exist in the single cells, resulting in the formation
alternate paths to percolation and, consequently, in a lo
percolation threshold compared to the single-cell case.
standard deviation, on the other hand, decreases conside
as the number of cells increases, confirming the statist
validity of multicell FBM lattices in terms of their structura
properties.

Finally, the effect of the degree of correlation, express
in terms of the Hurst exponent valueH, on the average per

ea
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TABLE I. Percolation threshold values for single and multicell FBM lattices. Number of realizati
500.Note: Values reported here correspond to percolation through either principal direction.

H
Single-cell

Np51, N564

Multicell reconstructions

Np52, N516 Np54, N516 Np58, N516 Np510, N516

0.95 0.08360.062 0.10460.051 0.09760.033 0.08760.021 0.08760.016
0.7 0.08460.053 0.10460.048 0.09660.031 0.08860.020 0.08760.016
0.3 0.08360.037 0.10860.040 0.09660.027 0.09060.017 0.08960.015
0.0 0.10960.028 0.13060.035 0.11160.025 0.10560.016 0.10660.013
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colation threshold values appears relatively weak compa
to the 2D case, especially forH.0.3, probably due to the
increased connectivity obtained upon switching from two
three dimensions, which facilitates permeation drastica
and reduces the percolation threshold to relatively low v
ues. It is also noteworthy that the standard deviation of
^pc& estimates decreases asH decreases, as was also the ca
with the corresponding calculations in 2D FBM media@6#.

IV. FLOW IN A THREE-DIMENSIONAL FBM POROUS
MEDIUM

A. Calculation of the flow field

The creeping flow of a Newtonian fluid in the interstiti
space of a porous medium is described by the Stokes e
tion coupled with the continuity equation:

¹P5m¹2v, ~8a!

“•v50, ~8b!

wherev andP are the local velocity and pressure of the flu
respectively. The boundary conditions forv are spatial peri-
odicity and no-slip at the surface of the solid unit elemen
A macroscopic pressure gradient¹P is specified and the
seepage velocitŷv&, defined as the superficial velocity av
eraged over a cross section of the medium, is related to¹P
by the permeability tensorK, as follows:

^v&52~K/m!•“P. ~9!

K is a symmetric tensor that depends only on the geometr
the system. For isotropic media,

K5KI , ~10!

whereI is the unit tensor.
Hence, in order to determine the permeability from E

~9!, one needs to calculate first the flow field by solving t
flow and continuity Eq.~8! with the appropriate boundar
conditions. The numerical method employed in this work
similar to the one used by Adler and coworkers@7,21#. A
finite difference scheme using the marker and cell~MAC!
method@22# was employed. More specifically, a stagger
marker-and-cell mesh is used, with the pressure define
the center of the cell, and the velocity components defi
along the corresponding face boundaries of the cell. Suc
sive overrelaxation~SOR! and conjugate gradient~CG!
methods were used to solve for the microscopic veloc
field. In order to cope with the numerical instabilities caus
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by the continuity equation, an artificial compressibility tec
nique was employed@6,22#, according to which an accumu
lation term for the pressure is included in Eq.~8b!. In this
fashion, the steady-state problem is replaced by an unste
one, which converges to the incompressible steady-state
lution for a sufficiently long time.

The mesh spacing in each direction is a fraction of
size of the unit elements. More specifically, it is express
here asDx5Dy5Dz5aN /Ns , whereNs is an integer de-
noting the discretization level inside each void unit elem
of sizeaN . Convergence was achieved when the calcula
flow rate values were found to fluctuate less than 1% acr
the various cross sections of the medium. For a given r
ization, it was found thatNs can have some nonnegligibl
impact on the permeability valueK, in full agreement with
earlier studies@21#. Nevertheless, the effect ofNs tends to
diminish as the value ofN increases, or, equivalently, as th
size of the unit elementa decreases sufficiently. In genera
convergence was relatively rapid in the medium and h
porosity region («.0.4), whereas it was significantly slowe
in the vicinity of the percolation threshold («,0.2). This is
attributed to the fact that, in the latter case, large isola
regions are likely to develop, which may be connected
narrow necks, that apparently hinder the updating of the
locity and pressure values across the porous medium.

B. Permeability results

The average permeability of porous media generated
FBM lattices has been determined for different structural
rameters, such as lattice sizeN, number of cellsNp , porosity
«, and degree of correlation, obtained by varying the value
the Hurst exponentH. The results are averaged over a nu
ber of random realizations, constructed with the same se
structural parameters, in order to limit possible statistical
rors. Given the relatively large size of the 3D workin
samples (NpN564) used in most of our computations,
relatively small number of realizations~10! was found to
suffice for statistically meaningful permeability results@21#.

Figure 11 presents the effect of the lattice sizeN on the
value of permeability, for a single-cell FBM medium, at hig
~0.8! and moderate~0.4! porosity values. Doubling the lattice
size N yields a fourfold increase of the value ofK/a2, for
sufficiently large cells (N>16). Since doubling the value o
N translates to reduction of the unit element side by
factor of 2, the aforementioned fourfold increase of the
mensionless permeability implies that the dimensional va
of the permeability,K, remains constant. In other words, fo
sufficiently large lattices (N>16), the absolute permeabilit
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is invariant with respect to the resolution of the lattice. No
that in the same figure, permeability estimates for differ
values of the discretization parameterNs are indicated. As
expected, the smaller the lattice size the stronger the effe
Ns on the numerical estimate of the permeability. More s
cifically, in the case of high porosity media («50.8) with
N58, the relative change in permeability is around 13.7
when switching fromNs51 to Ns54, whereas forN516
this change drops to about 6%. The corresponding value
the case of«50.4 are 12.6% and 3.3%, respectively. The
fore, when studying the resolution effect on the flow prop
ties of FBM generated structures, one should take into c
sideration the lattice size,N, in conjunction with the
discretization parameter,Ns .

Figure 12 presents the dependence of the average pe
ability K, for Np51, N532, andNs51, on the value ofH
for high ~0.8! and moderate~0.4! porosity levels. As ex-

FIG. 11. Dimensionless permeability vs lattice size for sing
cell FBM media~Np51, Nr51!. Effect of the discretization param
eterNs .

FIG. 12. Dependence of the dimensionless permeability
single-cell 3D FBM media on the value of the Hurst expone
~Np51, N532, Nr510!.
t

of
-

in
-
-
n-

e-

pected, the permeability increases with the value of the H
exponentH, for both porosity values examined here. It
interesting to note that the permeability of strongly cor
lated FBM media can become almost two orders of mag
tude higher than that of weakly correlated porous med
even for moderate and high porosity values, that is, e
away from the percolation threshold. This observation is
full alignment with the corresponding results for 2D FB
media@6#, and implies that FBM porous media can be e
ployed in the study of flow in actual porous media over
wide range of permeability values.

Figure 12 reveals that relatively large error bars are
tained during permeability calculations for single-cell FB
media (Np51). If these calculations are repeated for a mu
larger number of cells~but with N58 and Ns51 to keep
computational requirements within reason!, significantly
lower standard deviations for the same structural proper
of the lattices are obtained. The permeability predictions
two porosity values varying the number of cells,Np , are
presented in Fig. 13. Note that forNp>4 the average per
meability remains nearly constant, but the correspond
standard deviation keeps decreasing as the number of
increases. Based on these results, it can be claimed th
value ofNp56 is close to optimal, as it combines comput
tional efficiency with statistical accuracy in terms of avera
and standard deviation values for the permeability. In ad
tion, according to the results shown in Fig. 3, the autocor
lation function remains practically constant forNp>6.

V. APPLICATION

It was shown in a previous work@6# that 2D multicell
lattices built with an FBM process could be potentially em
ployed to simulate the structure of actual porous media
particular, we showed there that images of Vosges sands
samples could be effectively reproduced by employing
cell interweaving technique. In the present study, we rep
duced three-dimensional images of Vosges sandstone
calculated the permeability of the reconstructions. The f

-

f
t

FIG. 13. Variation of the dimensionless permeability of 3
FBM media with the number of cellsNp for high and intermediate
porosity values~N58, H50.7, Nr510, Ns51!.
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lowing steps were taken: First, a reasonable lattice size
selected, which would allow not only reconstruction in thr
dimensions but also the numerical solution of the flow eq
tions, with sufficient accuracy. A combination of pixel siz
and Hurst exponent values was found that allowed a sa
factory fit of the simulated correlation function curve wit
the experimental one@23#. The thresholding stage wa
straightforward and the desired porosity value was ea
achieved («50.165). Care was taken during the correlati
function matching to express the distance in actual len
units. Once the reconstruction was completed, the flow pr
lem was solved, following the procedure described abo
The average permeability was then calculated, using a s
ciently large number of realizations for statistically meanin
ful results to be obtained. In order to study the sensitivity
the methodology to the overall working sample size, the
tire procedure was repeated for different values ofNp .

The results are presented in Fig. 14 and compared to
experimental value found in Ref.@23# and to the numerical
estimate of the permeability based on serial tomograp
More specifically, in a previous work@23#, serial tomogra-
phy was applied to this particular sample, which provided
series of 45 sequential sections, taken every 2.04mm. The
sections were digitized and the phase function was de
mined in three dimensions. The flow equations were th
solved, again, using this time the actual digitized structu
with a resolution of 4823500 pixels in each section. Th
agreement between the FBM and the serial sectioning
proaches is quite satisfactory, despite the rather small w
ing samples employed in the FBM reconstructions due
computational constraints. In addition, the agreement w
the experimental value is also satisfactory, taking into
count the fact that the size of the sample studied was ra
small ~volume of sample 0.33 mm3! compared to the scale o
possible heterogeneities and the size of the sample use
the permeability measurement~order of cm!. As expected,
the effect ofNp is rather weak, providedNp>6, in accord
with the relevant discussion of Fig. 13, which means that

FIG. 14. Effect of the number of cells on the estimation of t
permeability of Vosges sandstone using FBM media (N516).
Comparison with the experimental value and with the prediction
the serial sectioning technique.
as
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results of the methodology suggested here are, practic
insensitive to the overall size of the reconstruction.

In addition to the permeability investigation, we found
very tempting to compare the specific surface area of
reconstructed media to the actual specific surface area o
sample studied. The FBM reconstructions had, on the a
age, specific surface area equal to 0.553105 m21, which
compares well with the value obtained from the serial
mography method, 0.523105 m21. The agreement is very
good and is due to the matching of the corresponding a
correlation functions, which, in turn, relate to the speci
surface area through Eq.~6!. The corresponding mean chor
lengths are found to equal 12.0 and 12.7mm respectively,
using the well-known expressiond54«/Sv . As expected,
the agreement is again quite satisfactory.

VI. CONCLUSIONS AND FURTHER REMARKS

A methodology for the generation of three-dimension
images of porous media is presented, using a minimal se
raw experimental data, namely, microphotographs of tw
dimensional sections. The methodology is based on the m
point displacement and successive random addition te
nique, suitably adjusted to a cubic lattice. The result
binary media follow classical FBM statistics to a good a
proximation, and appropriate thresholding at the desired
rosity value can yield three-dimensional porous media
digitized form. The degree of structure correlation is adjus
through the Hurst exponent value, which, in turn, is selec
in a fashion that allows sufficient matching of the autocor
lation function of the reconstruction with that measured
physical sections of the material. Thus, not only does
methodology presented here offer the flexibility to mat
experimental data for the porosity and the autocorrelat
function, but it does so through a well-defined specific c
relation process.

Evidently, the size of the resulting reconstructions is
the same order of magnitude as the correlation length, ow
to the construction process, which is centered around
geometrical center of the working sample and yields lon
range correlations. To overcome this problem, which is ty
cal in these types of reconstructions, we have devised
algorithm that allows the generation of three-dimensio
media made up of individual cells, each of which follo
FBM statistics with the same value of the Hurst expone
These cells are properly interwoven across their bounda
so that a much larger medium is obtained, with a size c
siderably larger than the correlation length of the constr
tion process. In this way, reconstructions that closely
semble actual porous media can be obtained, involvin
significant number of individual ‘‘pores.’’

Numerical calculations showed that the Hurst expon
value can affect quite strongly the correlation degree of b
single-cell and multicell FBM media. Increasing theH value
results in stronger correlation for the same porosity value
addition, as the number of individual cells, or patches,
creases, the correlation degree also increases and the p
lation threshold decreases to very low values. This is a p
ticularly useful result toward the simulation of actu
materials, in contrast to the use of random reconstructio
which exhibit rather high percolation thresholds. The spec

f
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surface area of 3D single-cell FBM media is a function of t
lattice size, and the calculated fractal dimension almost
incides with the fractal dimension of the zerosets of FB
processes in 3D, namely,df532H. As the H value in-
creases, the specific surface area decreases, owing to th
tensified clustering of void elements and the concomit
vanishing of solid walls. The specific surface area decrea
with the increasing number of interwoven cells, until a lim
iting value is reached, beyond which the surface area rem
unchanged. This is a very useful property of multicell FB
media, since the desired value of the specific surface area
be reached with no dependence on the overall size of
generated medium.

The Stokes equation for creeping flow conditions coup
with the continuity equation were solved numerically usi
SOR and CG techniques. The permeability of the rec
structed media was then calculated as a function of the
rosity and the Hurst exponent value. Because of the red
tion of the percolation threshold at relatively largeH values,
the calculation of finite permeabilities in low porosity med
was made possible. The application to real porous solids
straightforward. Physical sections of the material were d
tized and the porosity and autocorrelation function were
termined with an appropriate image software. Subseque
three-dimensional reconstructions were realized using
midpoint displacement and successive random addition t
nique described in this paper followed by thresholding at
desired porosity value. The value of the Hurst exponent w
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selected so that the simulated correlation function matc
the experimental one. It was found that the calculated p
meability values compared well with the measured valu
The error was relatively small and could be due to a vari
of reasons, including possible heterogeneity of the real
ids, which would confine the validity of the calculated pe
meability value to the neighborhood of the thin section.

It must be stressed that the methodology developed in
paper uses a minimal amount of structural information
reconstruct the medium, namely, the porosity and autoco
lation function only. Theoretically, higher moments of th
correlation function are needed for reliable reproduction
the pore structure. It is understood that the role of th
moments cannot be rigorously substituted with simplifi
correlation algorithms, such as the FBM process. Howev
the methodology presented in this paper provides a sim
means for the reconstruction of porous media, combin
computational cost effectiveness, lumping correlation pr
erties into few working parameters, and sufficient resilien
toward matching of the generated media to actual por
materials.
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